Stabilization of a Walking Motion with Unstable Hybrid Zero Dynamics
via an Analytically Computed Transverse Linearization
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1 The C()mpass Biped Walker If the virtual constraint is satisfiedy(= 1 = 0) then the first coordinatd
grows each period b0% .

We consider a model of a two-link planar biped robot knownhgscompass Therefore, a control design which simply keeps the virtual condtsatisfied
biped walker. The angle of the stance leg is chosen as the independent cannot stabilize this walking cycle See Fig. 1 (Left)

variable ¢, and the angle between the legs is actuated and should sat-

Isfy avirtual constraint y = 0 defined byy := ¢ — ¢(q2). where ¢(-) is a

fourth-order Bezier polynomial with coefficients delibaigtchosen to create

a walking cycle withunstable hybrid zero dynamics 3 Stabilization via Transverse Linearization

This motion is somewhat unusual: the swing leg is held backost of the
continuous phase, and swings forward quickly at the end &8esnimation
of the trajectory along the bottom of the poster). Such a omotiould, for
example, be used to kick a football, or a stylized dancingondbr an enter-

Then we construct a state-feedback controller of the followargnt

tainment robot. u(y,@,y,@) — N(y79>_1[K(€)Z(ya 97y7(9> T R(y7 evyaé)]7 (l)
K(0) = —R. (s)B(s)" P(s), s=07"(0). (2)
2 The Transverse Linearization where©~1:[6,,60_] — [0,T}] is a projection operator ané(t) is the solu-

tion of the Riccati differential equation

Now, the transverse coordinates of the nonlinear systemgamen by
. . T
vy = |109,0,04(0),04(0)), y,

First step in controller design is to consider the hybrigdincomparison sys- Over the interval|0, T}, with P(T},) = dPSFTW.d!® F , for some choice of
tem. matrix weighting functiong).(t) > 0, W, >0, R.(t) > 0.

C(t) = A(t) C(t) + B(t) v(t), " |
TS Proposition 11f one selectdV., )., and R. such that the solution of (3) sat-
CKT)+ = d"°F ((kTp)-, k=1,2,3,.. isfies P(0) < W, then the controller (1), (2) applied to the nonlinear systen
where T}, is period of nominal motion. If we set = 0, then we are consider-  renders the target cyckxponentially orbitally stable.
Ing the case with just the feedback-linearizing controhaigWe can calculate
the state transition matrix over the continuous cycle, texhé(0,7"). Then a

—P(t) = P()A(t) + AT()P(t) — P()B(HR:  (t) BT () P(t) + Qclt), (3)

A controller was designed with technique described above, and/énght-

linearization of thePoincare mapis giyen by: _ ing matricesiV, = diag([5,5,1]), Qc = 1 x 107313, R. =1 x 10~*. Calcu-
o 1.2 0.18 0.13 lating the resulting closed-loop transition matrx,(0,7") gives a linearized
dF~72 ©0,17)=1 0 0.1 0.04 |. Poincaé map with stable eigenvalues@fi612, 3.7 x 1072, and—2 x 1077,
0 —2.1 —0.79 See Fig. 1 (Right)
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Figure 1: (Left) Unstable behavior when a high-gain PD controller is used tbthe virtual constraint;(Right) exponentially stable walking motion using a
controller based on the full transverse linearization.
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